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Using a new technique to generate cold electron beams, an electron-beam positron-plasma
experiment was performed in a previously unexplored range of energies. An electron beam, formed
from a thermalized room-temperature electron plasma, is transmitted through a positron plasma
stored in a quadrupole Penning trap geometry. The transit-time instability, which is excited by the
beam, was previously studied using a hot-cathode electron gun. The large beam energies produced
by the cathode did not permit an investigation of the instability in the interesting range of energies
near its onset. Using a new 0.1 eV energy width electron beam, we have reinvestigated the system.
The experimental data are compared with the results of a theoretical model, also described in this
paper. The theory employs a linearized cold fluid and Vlasov approach to model the plasma and
beam dynamics, respectively. The data and predictions are in good agreement over the broad range
of energies and beam currents studied. © 2001 American Institute of Physics.
关DOI: 10.1063/1.1407284兴

I. INTRODUCTION

argon and negative ions are created by electron attachment to
the sulfur hexafluoride.19 Unfortunately, for the experiments
conducted to date, there was a rather large mass ratio between the ions 共140:40 for SF6 and Ar兲, and so these plasmas
are not strictly equal-mass plasmas. Even if it were possible
to obtain a more nearly equal mass ratio by the judicious
choice of gases, a fundamental problem remains: it is currently impossible to entirely eliminate the small residual
electron component, which can completely alter the properties of such plasmas, even in concentrations of less than 1%.
Plasmas of this type are therefore properly considered to be
three-component plasmas.
Using another approach, Schermann and Major created
an electron-free plasma consisting of positive and negative
ions of 共almost兲 equal mass in a Paul trap by ionizing thallium iodide to create Tl⫹ and I⫺ ions.20 The deconfining
effects of rf heating were overcome by the cooling effect of
a light buffer gas, helium. For electron–positron plasmas,
this approach is much less attractive, because the cooling
effect of helium for light particles will be minimal. This approach may work, however, by using a molecular species
with a high inelastic cross section to provide the required
energy loss mechanism. On the basis of current knowledge
of positron–molecule collision cross sections, the vibrational
excitation of carbon tetrafluoride is the most attractive
candidate.21 In addition to the Paul trap, other approaches to
confine equal-mass plasmas have also been investigated, including the use of combined traps,22 magnetic mirrors,23 and
nested traps.24
Nonetheless, all of these techniques are still relatively
complicated, and were not attempted for the experiments described in this paper. Instead, we approached the experimental study of the electron–positron plasmas by investigating
the electron–positron beam–plasma system. This approach
involves transmitting the abundant species 共the electrons兲 in
a single pass through the scarce species 共the positrons兲 con-

Electron–positron plasmas are examples of a larger class
of equal-mass plasmas 共or pair plasmas兲 that owe their
unique properties to the symmetry between the two oppositely charged species. Electron–positron plasmas, in particular, have been extensively studied theoretically because
of their relevance in astrophysical contexts such as pulsar
magnetospheres.1 The linear properties of these plasmas are
well known.2– 4 Their nonlinear properties are currently the
focus of theoretical and numerical investigations.5–15
Studies of electron–positron plasmas in the laboratory
present substantial challenges to the experimentalist. Until
recently, insufficient numbers of positrons were available to
create even single-component positron plasmas. With the introduction of a modified Penning–Malmberg trap and buffergas technique used for accumulating large numbers of
positrons,16 it became possible to conduct the first electron–
positron plasma experiments in a beam–plasma system.17
Unfortunately, the accumulation of large numbers of positrons is possible only because of the outstanding confinement
properties of Penning traps,18 which can confine only one
sign of charge. The creation of an electron–positron plasma
in the laboratory requires solving the classic plasma physics
problem of neutral plasma confinement, and none of the current configurations for confining neutral plasmas has sufficiently good confinement for electron–positron plasmas.
One possible approach to creating equal-mass plasmas is
to use positive and negative ions rather than electrons and
positrons. Plasmas containing both positive and negative
ions are relatively easy to create by the well-known method
of producing a hot-cathode discharge in a mixture of electronegative and electropositive gases such as sulfur hexafluoride and argon. Positive ions are created by ionization of the
a兲
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fined in a Penning trap. This permits us to take advantage of
the good confinement properties of positron plasmas in Penning traps, while still studying a two-component equal-mass
system.
The beam–plasma system is interesting in its own right.
The free energy in the relative streaming of the two species
can give rise to a variety of instabilities and consequent
plasma heating.25 These effects can be important in a variety
of laboratory, magnetospheric, and astrophysical plasmas.
Beam–plasma effects are currently being investigated theoretically for electron–positron plasmas in the context of
wave generation and particle acceleration.6 –9 The transittime instability, which is the subject of this paper, was first
studied because of its potential as a source of microwave
radiation.26,27
The data described in this paper represent a second generation beam–plasma experiment. In our earlier experiments,
an electron beam formed from a hot cathode was transmitted
through a positron plasma stored in both a cylindrical and
quadrupole Penning trap geometry. In the cylindrical case, a
two-stream instability was studied, which caused strong
heating of the plasma. When the electron beam was passed
through a positron plasma stored in a quadrupole Penning
trap, the electron beam produced a transit-time instability
that excited the center of mass mode in the plasma. Because
of the large energy spread generated by the hot-cathode electron gun, both experiments were restricted to studying the
instabilities at energies above ⬃1 eV. However, theoretical
predictions for both the cylindrical28 and quadrupole 共see
Sec. II兲 trap geometries showed that the maximum growth
rate and onset of the instability should occur below this energy. It was clear, therefore, that an electron beam with a
narrower energy spread would greatly improve our ability to
study the instabilities in the energy range near their onset.
Unfortunately, conventional methods used to improve
the energy resolution of a hot-cathode beam, such as E⫻B
filters and spherical deflectors will not work in the strong
magnetic field 共⬃1200 G兲 needed for the radial confinement
of the positron plasma. In fact, one can show that for the
beam currents of the order needed for these experiments
共⬃0.3 A兲, the lower limit of the energy resolution is 0.1 eV,
even for a nonmagnetized beam.29 It is, therefore, nontrivial
to produce the required electron currents necessary for the
beam–plasma experiment with an energy resolution significantly better than 1 eV. We have been able to overcome these
limitations using a novel technique that we developed specifically for producing a high-current cold magnetized electron beam 共0.1 eV at 0.1 A兲. In this paper we discuss the
first application of this beam, using it to further investigate
the transit-time instability for a positron plasma stored in a
quadrupole well. New results are presented exploring the instability in the previously uninvestigated energy range down
to the low-energy onset of the instability. These results are
discussed along with a new analytical theory that accurately
models the system. The theory describes the plasma dynamics using a cold-fluid approach while the perturbed beam
density is modeled using a one-dimensional guiding-center
Vlasov equation. Possible future beam–plasma experiments
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FIG. 1. Schematic diagram of the transit-time instability experiment showing the cross section of an ideal quadrupole Penning trap, truncated for
convenience. An electron beam is shown interacting with a positron plasma,
located on the trap axis.

in both the cylindrical and quadrupole Penning traps are also
discussed.
This paper is structured as follows. In Sec. II, a theoretical model used to describe the transit-time instability will be
discussed. The details of the experimental apparatus and
techniques used to perform the experiments are presented in
Sec. III. In Sec. IV we discuss the experimental results and
compare them with the theory. In Sec. V, future research
directions are described. Finally, a summary and concluding
remarks are presented in Sec. VI.
II. THEORY OF THE TRANSIT-TIME INSTABILITY

The transit-time instability described here is excited
when an electron beam interacts with the oscillating field of
a plasma center-of-mass mode. For this experiment a nonneutral plasma is stored in a quadrupole well creating a
center-of-mass mode, with a high-Q resonance. Figure 1
shows an idealized schematic diagram of the beam–plasma
experiment. For certain values of  z  , where  z is the
center-of-mass oscillation frequency, and  is the charged
particles transit time through the positron plasma, energy can
be extracted from the beam to drive the center-of-mass oscillations. This instability is similar to the transit-time effects
that occur in diodes, triodes, and klystrons used to generate
microwave radiation.26,27 The following is a more detailed
description of the analytical theory used to model the system.
A weak, cold electron beam is directed axially through a
cold single species non-neutral plasma consisting of N p particles of charge q and mass M. The beam interacts with the
cold fluid normal modes of the plasma, in particular, the
axial center-of-mass oscillation. In a quadrupole well the
plasma center-of-mass mode has an oscillation frequency
corresponding to that of a single positron oscillating in the
well. This frequency is given by  z ⫽ 冑8qV 0 /M Z 20 , where
2V 0 is the potential difference applied between the hyperbolic electrodes used to generate the quadrupole potential,
and Z 0 is a length parameter that is defined by the electrode
geometry 共see Fig. 1兲.30 For the experiments presented here
V 0 ⯝0.025 statvolts 共7.5 V兲 and Z 0 ⯝12.6 cm, corresponding
to a frequency of  z /2 ⯝4.1 MHz.
In this section we determine the shift in the frequency of
this oscillation due to the electron beam. We find that the
frequency shift is complex, with an imaginary part whose
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sign depends on both the shape and size of the plasma as
well as the beam current and velocity. For certain combinations of these parameters, the imaginary part of the frequency
shift is positive, indicating instability.
We first consider the plasma equilibrium, and then examine the dynamics. In the absence of the electron beam, the
plasma is assumed to be in a confined thermal equilibrium
state.31 This state is described by uniform temperature and
rotation frequency  r , where  r is given by the roots of the
equation  2p ⫽2  r (⍀ c ⫺  r ). At low temperatures 共such that
the plasma Debye length is small compared to the plasma
size兲 the plasma density is also uniform, given by n 0
⫽M  r (⍀ c ⫺  r )/(2  q 2 ), where ⍀ c is the cyclotron frequency of the plasma charges. In a quadrupole trap, the
plasma shape is a spheroid, with diameter 2R p and length
2Z p determined by the external trap fields, the rotation frequency  r , and N p :
4
3

 n 0 R 2p Z p ⫽N p ,

2

 z2
 2p 0

共1兲

⫽A 3 共 ␣ 兲 ,

共2兲

is the plasma frequency, ␣
where
⫽Z p /R p is the aspect ratio of the spheroidal plasma, and
A 3 ( ␣ ) is the following function:

 2p 0 ⫽4  q 2 n 0 /M

A 3共 ␣ 兲 ⫽

2Q 01 共 ␣ / 冑␣ 2 ⫺1 兲
共 ␣ 2 ⫺1 兲

共3兲

,

where Q 0n (x), a Legendre function of the second kind, with
the branch cuts chosen so that Q 0n (x) vanishes for x→⬁.
Equation 共1兲 is merely a statement of the relation between
the volume and the major and minor radii of a spheroid, and
Eq. 共2兲 arises from the equilibrium condition that the electrostatic potential be z independent within the plasma:


关  in 共 r,z 兲 ⫹  ext共 r,z 兲兴 ⫽0,
 z p0

共4兲

where  ext(r,z) is the quadrupole trap field:

冉

冊

1 M  z2 2 1 2
 ext共 r,z 兲 ⫽
z ⫺ r ,
2 q
2

共5兲

and  in
p 0 (r,z) is the equilibrium electrostatic potential due to
the plasma alone, evaluated inside the plasma:31

 in
p 0 共 r,z 兲 ⫽⫺

M  2p
4q

0

共 A 1 r 2 ⫹A 3 z 2 ⫺2A 1 R 2p ⫺A 3 Z 2p 兲 , 共6兲

and A 1 ( ␣ )⫽1⫺A 3 ( ␣ )/2.
We will also have need of the equilibrium plasma potential outside the spheroid:
0
0
 out
p 0 共 r,z 兲 ⫽a 0 Q 0 共  1 /d 兲 ⫹a 2 P 2 共  2 兲 Q 2 共  1 /d 兲 ,

共7兲

where P 2 (x) is a Legendre polynomial, (  1 ,  2 ) are spheroidal coordinates given in terms of cylindrical coordinates by
the transformation
z⫽  1  2 ,

共8a兲

r⫽ 冑共 1⫺  22 兲共  21 ⫺d 2 兲 ,

共8b兲

d⫽ 冑
and a 0 and a 2 are constants obtained by
matching the interior and exterior solutions for  p 0 :
Z 2p ⫺R 2p ,

a 0 Q 00
a 2 Q 02

冉
冉

␣

冑␣

2

⫺1

␣

冑␣ 2 ⫺1

冊
冊

⫽

⫽

M  z2 Z 2p
3q
M  z2 Z 2p
3q

冉
冉

冊
冊

2A 1
⫹1 ,
␣ 2A 3

共9a兲

A1
⫺1 .
␣ 2A 3

共9b兲

The spheroidal plasma equilibrium described above has
a large number of stable normal modes of oscillation. These
modes can be described analytically. The simplest mode, and
the one of interest here, is the axial center-of-mass oscillation. This mode consists of an axial harmonic oscillation of
the plasma center of mass without any change in plasma
shape. The resulting plasma potential  p (r,z,t) is described
by a shifted equilibrium potential:

 p 共 r,z,t 兲 ⫽  p 0 关 r,z⫺Z c 共 t 兲兴
⬇  p 0 共 r,z 兲 ⫺Z c 共 t 兲

  p 0 共 r,z 兲
z

共10兲

,

where Z c (t)⫽ 兩 Z 0 兩 cos(zt⫹) is the center-of-mass position,
 p 0 (r,z) is given by Eqs. 共6兲 and 共7兲, and the Taylor expansion is warranted for small 共linear兲 oscillations, providing a
perturbed mode potential ␦  (r,t)⫽  p (r,z,t)⫺  p 0 (r,z):

␦  in共 r,t 兲 ⫽

M  z2
q

共11兲

Z c 共 t 兲 z,

inside the plasma and

␦  out共 r,t 兲 ⫽

M  z2
q

Z c共 t 兲 Z p 2

Q 01 共  1 /d 兲
Q 01 共 ␣ / 冑␣ 2 ⫺1 兲

,

共12兲

outside the plasma.
We now consider the effect of the electron beam on the
plasma equilibrium and dynamics. The spheroidal equilibrium plasma described above is perturbed to a new equilibrium when the electron beam is turned on. We are concerned
here with the stability of this new equilibrium. The form of
the new equilibrium is somewhat complex but fortunately,
for a weak beam, we do not require it in order to determine
stability. Nevertheless, a brief qualitative description of the
new equilibrium may be of interest.
The electron beam has higher density inside the plasma
than outside, because the electron velocity falls off as electrons approach the plasma 共the external trap field is confining
for positrons, repulsive for electrons兲. The density variation
of the beam acts to attract plasma positrons toward the trap
center along the magnetic field, with the result that plasma
density is enhanced in the region of the beam. The density
enhancement is accomplished by a decrease in plasma
length, creating ‘‘dimples’’ at the plasma ends 共see Fig. 1兲.
However, when the beam current I b is sufficiently small so
that I b /(qN p  z )Ⰶ1, we will see that these effects on the
plasma equilibrium can be neglected when examining questions of stability. Nevertheless, the increased axial confine-
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ment provided by the beam produces an enhancement to the
real frequency of the center of mass oscillation, which we
will determine.
In order to evaluate the effect of the electron beam on
the frequency of the center-of-mass mode, we first consider
the equation of motion for the plasma center of mass, Z c (t):
MNp

d 2Z c
⫽F z ext⫹F z beam,
dt 2

冕

d 3 rqn p 共 r,t 兲

冉

M  z2
q

冊

z ⫽⫺N p M  z2 Z c 共 t 兲 ,
共14兲

where the second equality follows from the definition of center of mass.
Similarly, the force from the electron beam is
F z beam⫽⫺

冕

d 3 rqn p 共 r,t 兲

b
共 r,t 兲 ,
z

Z c 共 t 兲 ⫽Z 0 e

it

,

where  is the complex frequency of the mode, and Z 0
⫽ 兩 Z 0 兩 e i  is the complex amplitude. Substituting Eqs. 共14兲
and 共15兲 into Eq. 共13兲, we arrive at an exact expression for :

 2 ⫽  z2 ⫹

q
M N pZ c共 t 兲

冕

d 3 rn p 共 r,t 兲

b
.
z

共16兲

This expression can be put in a more useful form by applying
Poisson’s equation for the electron beam and the plasma,
ⵜ 2  p ⫽⫺4  qn p 共 r,t 兲 ,

共17a兲

ⵜ 2  b ⫽4  en b 共 r,t 兲 ,

共17b兲

and integrating by parts several times:

 2 ⫽  z2 ⫹

e
M N pZ c共 t 兲

冕

d 3 rn b 共 r,t 兲

  p 共 r,t 兲
.
z



共18兲

In the limit of a weak beam, the integral provides a small
correction to the mode frequency. Since this term is already
small, we need not keep corrections to  p (r,t) from the
presence of the beam, and can therefore employ the analytic
expressions Eqs. 共10兲, 共11兲, and 共12兲. Furthermore, assuming
the beam is narrow compared to R p allows us to replace
the three-dimensional integral in Eq. 共18兲 by a single integral
in z:

2

⫽  z2 ⫺

⫹

dzn̂ b 共 z,t 兲

 ˆ p
共 z,t 兲 ,
z

共19兲

eA b
MNp

冕

 2 ˆ p 0 共 z 兲

⬁

⫺⬁

冕

eA b
M N pZ c共 t 兲

dz

z2

⬁

⫺⬁

dz

共 z 兲 n̂ b 共 z,t 兲

 ˆ p 0 共 z 兲
z

n̂ b 共 z,t 兲 ,

共20兲

where ˆ p 0 (z)⫽  p 0 (r⫽0,z). In the first integral, the perturbation to the beam density can be neglected in linear theory,
and we can take n̂ b (z,t)⯝n̂ b 0 (z), the equilibrium 共radially
averaged兲 beam density. In the second integral, we recognize
that n̂ b 0 (z) is an even function of z, while  ˆ p 0 /  z is an odd
function of z. Taking  ⫽  z ⫹⌬  , we can therefore write
the frequency shift as a sum of two terms:
⌬  ⫽⌬  1 ⫹⌬  2 ,
where

共15兲

when  b (r,t) is the potential due to the beam. This force is,
in general, out of phase with Z c (t), causing growth in the
center-of-mass oscillations. In order to investigate this, we
treat Z c (t) as a complex variable:

冕

eA b
M N pZ c共 t 兲

where A b is the cross-sectional area of the beam, ˆ p (z,t)
⫽  p (r⫽0,z,t), and n̂ b (z,t) is a radial average of the beam
density. Substituting Eq. 共10兲 into Eq. 共19兲, we obtain

共13兲

where F z ext is the total force on the plasma in the z direction
due to the external trap potential, and F z beam is the force due
to the electron beam. Note that the plasma cannot exert a
total force on itself, and that we neglect the effect of image
charges. The external trap force F z ext can be easily evaluated
because of the quadratic form of the trap potential. This force
is an integral over the plasma density:
F z ext⫽⫺

 2 ⫽  z2 ⫹

4985

eA b
⌬  1 ⫽⫺
2M N p  z

冕

⬁

⫺⬁

 2 ˆ p 0 共 z 兲

n̂ b 0 共 z 兲

共21兲

 ˆ p 0 共 z 兲 ␦ n̂ b 共 z,t 兲
,
z
Z c共 t 兲

共22兲

dz

z2

and
⌬  2⫽

eA b
2M N p  z

冕

⬁

⫺⬁

dz

where ␦ n̂ b (z,t)⫽n̂ b (z,t)⫺n̂ b 0 (z) is the perturbed beam density due to the mode. The physical significance of ⌬  1 and
⌬  2 is clear: ⌬  1 is the real frequency shift caused by inhomogeneity of the equilibrium beam density. For uniform
beam density, this term vanishes 共since  ˆ p 0 /  z→0 at ⫾⬁兲.
On the other hand, ⌬  2 is a frequency shift caused by beam
dynamics in the presence of the mode. This frequency shift is
complex in general 关recall that Z c (t) is a complex quantity;
we will soon see that ␦ n̂ b (z,t) is also complex兴. Note that
␦ n̂ b (z,t)/Z c (t) is a finite quantity, independent of Z c , in the
limit of an infinitesimal linear mode.
In order to evaluate the frequency shift, we require expressions for the equilibrium beam density n̂ b (z) and the
perturbed beam density ␦ n̂ b (z,t). If one assumes that the
beam is monoenergetic, with energy E 0 , these expressions
are easily obtained. The equilibrium beam density can be
written in terms of the beam velocity using continuity, assuming that the beam is not reflected at any point:
n̂ b 共 z 兲 ⫽

⌫
,
v b共 z 兲

共23兲

where ⌫ is the 共constant兲 equilibrium beam particle flux. The
beam velocity v b (z) is determined by energy conservation:
E 0 ⫽ 12 m v 2 ⫺e  0 共 z 兲 ,

共24兲
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easily accomplished using the Vlasov equation for the beam
distribution, f b (z, v ,t). As usual, the density n̂ b (z,t) is obtained from f via velocity integration:
n̂ b 共 z,t 兲 ⫽

冕

共29兲

d v f b 共 z, v ,t 兲 .

Breaking f b into an equilibrium and a perturbation,
f b ⫽ f b 0 (z, v )⫹ ␦ f (z, v ,t), the linearized Vlasov equation
reads as

␦ f b

e   0  ␦ f b e  ␦   f b0
⫹
⫹ v ␦ f b⫹
⫽0,
t
z
m z v
m z z
FIG. 2. Real frequency shift, ⌬  1 , of the center-of-mass oscillation caused
by the inhomogeneity of the equilibrium beam density, for a plasma aspect
ratio of 共䊉兲 ␣⫽1.1 and 共䊊兲 ␣⫽1.4. The frequency shift is scaled by
I b /eN p , where I b is the beam current and N p is the number of plasma
charges, and is plotted versus the scaled transit time T⫽  z Z p / v in .

where  0 (z)⫽  ext(r⫽0,z)⫹ ˆ p 0 (z) is the equilibrium electrostatic potential along the trap axis, given by Eqs. 共5兲–共7兲.
Solving for v , assuming no turning points, yields
v b共 z 兲 ⫽

冑

2E 0 2e
⫹
 共 z 兲⫽
m
m 0

冑

v 2in⫹

2e
⌬  0 共 z 兲 , 共25兲
m

where v in⫽ 冑关 2E 0 ⫹e  0 (0) 兴 /m is the 共constant兲 beam velocity inside the plasma, and ⌬  0 (z)⫽  0 (z)⫺  0 (0). Using Eqs. 共2兲 and 共5兲–共7兲 for  ext and  p 0 , the frequency shift
⌬  1 can be expressed as

冉

冊

Ib
eM 2
TW 1 ␣ ,
⌬  1⫽
T ,
qN p
qm

共26兲

where I b ⫽e⌫A b is the beam current, ␣ is plasma aspect
ratio, the dimensionless function W 1 ( ␣ ,y) is given by
W 1 共 ␣ ,y 兲 ⬅1⫺

冕

⬁

1

dz̄
F 共 z̄, ␣ 兲 ,
v̄ b 共 z̄, ␣ ,y 兲

共27兲

Zp

T⬅
v in z

where ␦ is the perturbed potential due to the mode.
This equation can be solved for ␦ f b using the method of
characteristics. The characteristics z ⬘ (t ⬘ ), v ⬘ (t ⬘ ) are
defined by
dz ⬘
⫽ v ⬘,
dt ⬘

共31兲

d v ⬘ e   0共 z ⬘ 兲
⫽
,
dt ⬘ m  z ⬘

共32兲

with ‘‘initial’’ conditions z ⬘ (t)⫽z, v ⬘ (t)⫽ v . In terms of
these characteristics the solution for ␦ f b reads as

␦ f b 共 z, v ,t 兲 ⫽⫺

冕

e
m

t

⫺⬁

dt ⬘

冏

 f b0

␦  共 z ⬘ ,t ⬘ 兲
共 z ⬘, v ⬘ 兲
z⬘
v⬘

共28兲

is half the transit time of the beam through the plasma, normalized by  z . For the case of interest here, eM /qm⫽1
共positron plasma and electron beam兲, ⌬  1 is plotted versus
the transit time for two different aspect ratios in Fig. 2. As
expected from our previous qualitative argument, ⌬  1 is
positive as the beam inhomogeneity creates an extra potential well for the plasma. Also, ⌬  1 approaches zero in the
limit of a stiff beam, T→0, where the beam density becomes
z independent.
In order to determine the frequency shift ⌬  2 due to
beam dynamics, an expression is needed for the perturbed
beam density due to the plasma oscillation. This is most

.
z⬘

共33兲

Recall that in the expression for the frequency shift, Eq. 共16兲,
we require ␦ n b ⫽ 兰 d v ␦ f b in the presence of a normal mode.
Since ␦ f b is already a small quantity of order ␦, the frequency shift can be obtained to lowest order in ␦ by neglecting the effect of ␦ f b on ␦ in Eq. 共33兲 and substituting
the unperturbed normal mode potential, ␦  (z,t)
⫽⫺Z 0 e i  t  ˆ p 0 /  z. We then make a change of variables
from t ⬘ to z ⬘ , writing
t ⬘ ⫽t⫹t 0 共 z,z ⬘ ,E 0 兲 ,

ˆ /  z 2 , z̄⬅Z/Z , and
v̄ b ⬅ v b / v in , F⬅q/(M  z2 )  2 
p0
p

共30兲

共34兲

where t 0 (z,z ⬘ ,E 0 ) is the time required to move from z to z ⬘
for an electron of energy E 0 :
t 0 共 z,z ⬘ ,E 0 兲 ⫽

冕

z⬘

z

dz ⬙
v b共 z ⬙ 兲

共35兲

,

and v b is implicitly a function of E 0 through Eq. 共25兲.
Equations 共34兲 and 共35兲 imply that dt ⬘
⫽dz ⬘ / v b (z ⬘ ,E 0 ). This result, together with Eq. 共31兲, implies
v ⬘ ⫽ v b (z ⬘ ,E 0 ), which, in turn, allows us to write

冏


v⬘

⫽
z ⬘ ,z

冏 冏

v
v⬘

z⬘


v
,z

⫽
z ⬘ ,z

v b共 z ⬘ 兲 
v v

冏

,

共36兲

z ⬘ ,z

where we have used Eqs. 共24兲 and 共25兲. The perturbed beam
density may then be written as
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共37兲

.
z ⬘ ,z

We now integrate by parts in v und use the fact that phase
space area is conserved in the evolution of f b 0 , so that
f b 0 (z ⬘ , v ⬘ )⫽ f b 0 (z, v ). This yields
e
␦ n̂ b 共 z,t 兲 ⫽⫺ Z c 共 t 兲
m

冕

⫻

冉

⬁

⫺⬁

冕

z
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dz ⬘

 2 ˆ p 0 共 z ⬘ 兲
 z ⬘2

冏 冊

,

共38兲

z ⬘ ,z

where E 0 ⫽E 0 (z, v ) through Eq. 共24兲. The derivative of t 0
appearing in Eq. 共38兲 can be written as

冏

⫽⫺ v
z ⬘ ,z

冕

z⬘

z

dz ⬙
⬅⫺ v t 1 共 z,z ⬘ ,E 0 兲 ,
v b 共 z ⬙ ,E 0 兲 3
共39兲

where we have used Eqs. 共35兲 and 共25兲 together with the
expression  E 0 /  v ) z ⫽m v , which follows from Eq. 共24兲.
Equation 共38兲 is a general expression for the perturbed
beam density caused by an oscillating potential, good for any
equilibrium beam distribution f b 0 (z, v ) 共provided that no reflections of beam particles occur兲. The equation simplifies
further when a monoenergetic distribution is used, f b 0 (z, v )
⫽n̂ b (z) ␦ 关v ⫺ v b (z) 兴 . An evaluation of the velocity integral
then yields.

␦ n̂ b 共 z,t 兲 ⫽

e⌫
Z 共t兲
m v b共 z 兲 c
⫻
⫻

冕

冉
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v 2b 共 z 兲

冊

,

共40兲

where we have used Eq. 共23兲.
When Eq. 共40兲 is substituted in our expression for the
frequency shift ⌬  2 , Eq. 共22兲, we obtain
⌬  2⫽

冉

FIG. 3. Real 共dashed lines兲 and imaginary 共solid lines兲 parts to the frequency shift ⌬  2 of the center-of-mass oscillation in the presence of an
electron beam, for a plasma aspect ratio of 共䊉兲 ␣⫽1.1 and 共䊊兲 ␣⫽1.4 关see
Eq. 共41兲兴. The frequency shift is plotted versus the scaled transit time T
⫽  z Z p / v in .
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where the dimensionless function W 2 is given by
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1
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冊
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共42兲
and where, as before, z̄⫽z/Z p , v̄ b ⫽ v b / v in , F
⫽q/(M  z2 )  2 ˆ p 0 /  z 2 , and T⫽Z p  z / v in . Also, G⫽q/
(M  z2 Z p )  ˆ p 0 /  z, t̄ 0 ⫽t 0 Z p / v in , and t̄ 1 ⫽t 1 Z p / v 3in, where
t 0 and t 1 are given by Eqs. 共35兲 and 共39兲. The dependence of
the scaled variables t̄ 0 , t̄ 1 and v̄ b on aspect ratio ␣ and the
combination eM T 2 /(qm) follows from the definition of
v b (z), Eq. 共25兲, and the form of the equilibrium trap potential, Eqs. 共2兲, 共5兲–共7兲.
The frequency shift is plotted in Fig. 3 as a function of
the scaled transit time T for two values of the plasma aspect
ratio, ␣⫽1.1 and ␣⫽1.4, and for eM /qm⫽1, the case of
interest for an electron–positron system. The real part of
⌬  2 , together with ⌬W 1 , determines a shift in the real frequency of the center-of-mass mode, while the imaginary part
of ⌬  2 determines the growth 共for the positive imaginary
part兲 or damping 共for the negative imaginary part兲 caused by
the beam. For short transit times 共high beam velocity兲 the
mode is unstable, with growth rate scaling as T 5 . This fol¯
lows from Eq. 共42兲, taking e iT t 0 ⯝1, t̄ 1 ⯝z̄ ⬘ ⫺z̄, and v̄ b ⯝1.
For longer transit times, the growth rate and frequency shift
display growing oscillations, reflecting the role of phase interference between perturbations in the beam and the normal
mode oscillation.
III. DESCRIPTION OF THE EXPERIMENT

Figure 4共a兲 shows a schematic drawing of the beam–
plasma experiment. The apparatus consists of a cylindrical
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FIG. 4. 共a兲 Schematic diagram of the beam–plasma experiment showing the
22
Na positron source and moderator, movable hot-cathode electron source,
magnetic field coil, imaging system, and trap electrode structures. 共b兲 Expanded diagram of the cylindrical and quadrupole Penning traps. Each trap
consists of three electrodes from left to right, referred to as the entrancegate, dump, and exit-gate electrodes. The quadrupole trap also has a small
pickup electrode located near the positron plasma. 共c兲 Schematic diagram of
the potential profile V(z) used to contain the electrons and positrons in their
respective potential wells.

Penning–Malmberg trap coaxial with a quadrupole Penning
trap. Both traps are enclosed in the same vacuum vessel and
in the same confining magnetic field (B⫽1200 G). As
shown in Figs. 4共a兲 and 4共b兲, the cylindrical trap is the third
stage of a three-stage trap designed to capture positrons from
a radioactivity source. The details of the first two stages are
described in Ref. 32 but are not relevant to the present paper.
The procedure for conducting the experiment can be
split into three phases: 共1兲 the accumulation of a cold positron plasma, which is stored in the quadrupole trap; 共2兲 the
accumulation of a reservoir of thermalized electrons stored in
the cylindrical trap, and the extraction of an electron beam
from this reservoir; and 共3兲 the measurement of the excitation of the transit-time instability in the positron plasma by
the electron beam. A more detailed explanation of these three
phases is presented below.
A. Positron plasma formation

A high-energy positron from a 90 mCi 22Na source are
moderated to about 1.5 eV using a solid neon moderator 关see
Fig. 4共a兲兴.33 The moderated positrons are then trapped in the
three stage cylindrical penning trap at a rate of 6⫻105 positrons per second by a series of inelastic collisions with a
nitrogen buffer gas.16,32,34 A plasma containing 1.6⫻107 positrons is accumulated and then shuttled into the quadrupole
trap at an efficiency of 80%. The plasma in the quadrupole
trap cools to room temperature 共0.025 eV兲 in approximately
1 s by further collisions with the nitrogen buffer gas.34 The
buffer gas is then pumped out to a base pressure of 5
⫻10⫺9 Torr in 10 s.
In order to confirm that the accumulated positrons are in
the plasma state, it is necessary to obtain plasma parameters

Gilbert et al.

FIG. 5. Axially integrated radial density profile of a plasma containing
1.3⫻107 positrons 共solid line兲. Also shown is the radial profile of the electron beam 共dashed line兲, which is formed from a cold plasma containing 1
⫻109 electrons. As discussed in the text these profiles indicate a positron
plasma diameter of D p ⯝2.4 cm and an electron beam diameter of D b
⯝0.4 cm.

such as the Debye length and the dimensions of the charge
cloud. These parameters were not measured directly, but inferred from measurements of the axial-integrated plasma
density profile. This is accomplished by dumping the plasma
onto a phosphor screen biased to ⫺10 kV, which is then
imaged using a charge-coupled device 共CCD兲 camera 关see
Fig. 4共a兲兴. The solid line in Fig. 5 shows a typical axialintegrated radial density profile of a plasma containing 1.3
⫻107 positrons. The dashed line represents the narrower
density profile of the electron beam, which will be described
in Sec. III B. The radial density profile of the plasma is used
as input to a Poisson–Boltzmann equilibrium code to calculate the spatial distribution of the positrons in the trap.
The results of this calculation are displayed in Fig. 6共a兲,
which shows the positron number density as a function of
position in the plasma. This analysis yields a plasma length
of L p ⯝3.4 cm full width half-maximum 共FWHM兲 and a diameter of D p ⯝3.2 cm FWHM. These dimensions corresponds to a plasma aspect ratio of ␣ ⫽L p /D p ⯝1.1. We note
that the plasma diameter calculated in this way is slightly
larger than the plasma diameter obtained from the data
shown in Fig. 5. This is due to the line-integrated nature of
the CCD camera image, versus the three-dimensional positron density profile shown in Fig. 6共a兲.
Figure 6共b兲 compares the positron number density as a
function of position along the trap axis of symmetry for the
results of the Poisson–Boltzmann simulation 共solid line兲 and
the profile used in the theoretical calculation 共dotted line兲. In
this case the length of the flat-top profile used in the theory
was determined by the FWHM of the Poisson–Boltzmann
profile. For more details see Sec. IV. The figure indicates a
central plasma density of n p ⯝6⫻105 cm⫺3 , yielding a Debye length of  D⯝1.5 mm. Comparing the Debye length
with the plasma dimensions, we see that  DⰆL p ,  DⰆD p ,
and N D⬃104 Ⰷ1, where N D is the number of positrons in a
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FIG. 7. The potential profile along the axis of symmetry of the trap without
any charge present 共solid line兲, and with 1.3⫻107 positrons 共dashed line兲.
The difference in potential between the two plots at the center is due to the
plasma space charge potential of 1.3 V.

FIG. 6. 共a兲 Contour plot of the density of a 1.3⫻107 positron plasma 共in
units of 1⫻106 cm⫺3 兲 stored in the quadrupole well. 共b兲 A comparison of
the positron number density along the trap axis 共solid line兲 obtained by the
Poisson–Boltzmann calculation and 共dashed line兲 the distribution assumed
in the theoretical calculation.

Debye sphere. Thus, the charge cloud satisfies all of the conditions to be a single-component plasma. As discussed in
Sec. II, some of the aforementioned plasma parameters can
be obtained by the magnetic field strength, total number of
trapped positrons, and quadrupole trap parameters Z 0 and
V 0 . A comparison between these derived parameters and the
measured parameters is shown in Table I, and good agreement is observed.
The last parameter needed for the analysis of the experiment is the space charge potential of the plasma. It is important to determine this parameter because it affects the energy
of the electron beam as it passes through the plasma 共see Sec.
III C兲. The space charge potential is determined by dumping
the plasma and measuring the potential difference on the
dump electrode at the start and stop of the dump, as defined
by the potential when the positrons start exiting the trap and

TABLE I. Summary of the positron plasma parameters.
Parameter

Derived

Measured

D p (cm)
L p (cm)
␣ ⫽L p /D p
N
n p (cm⫺3 )
 D 共mm)
B (G)
⍀ c /2 (GHz)
 p /2 (MHz)
 z /2 (MHz)
 r /2 (KHz)

3.48
3.37
0.97
¯
6.1⫻105
1.5
¯
2.8
7.0
4.1
8.8

3.2
3.4
1.1
1.3⫻107
6⫻105
¯
1200
¯
¯
4.2
¯

the potential when all the positrons have been expelled, respectively. For the plasmas used in this experiment, a space
charge of 1.6 V is typically measured. In order to verify this
direct measurement of the space charge, the Poisson–
Boltzmann code was used to calculate it. Figure 7 shows the
potential profile of the quadrupole trap along its axis of symmetry with and without a positron plasma present. The difference between the two curves represents the positron
plasma space charge of ⬃1.3 V for a plasma containing 1.3
⫻107 positrons. The discrepancy between the space charge
measurement and calculation may be caused by uncertainties
in the measured total number of positrons, which is needed
in the Poisson–Boltzmann code. Another possible source of
error is the measurement of the start and stop of the dump,
due to the sensitivity of these measurements in determining
the space charge potential.
B. Cold electron beam formation

Following the accumulation of a positron plasma in the
quadrupole trap, a cold electron beam is generated. This requires two steps. First electrons are accumulated in the cylindrical Penning trap, shown in Fig. 4共b兲, and then this reservoir of electrons is used to form an intense cold beam. A
hot-cathode electron gun is used as a source of electrons. The
extraction voltage on the electron gun is set so that the emission current is ⬃2 A. The electrons are injected along the
magnetic field into the cylindrical trap, where they are
trapped without the use of a buffer gas via electron–electron
collisions. Using a nitrogen buffer gas while accumulating
the electrons does increase the trapping efficiency. Unfortunately, this also greatly accelerates the radial transport, resulting in an increased electron beam diameter, which should
be small compared to the positron plasma size. In order to
maximize the trapping efficiency without a buffer gas, the
depth of the confining well is gradually increased as the
plasma space charge builds up, so that an approximately constant trapping potential is maintained. While the electrons are
being trapped, the potential on the exit-gate electrode of the
cylindrical trap is set sufficiently low so that the hot-cathode
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FIG. 8. Energy distribution of a 0.1 A quasi-steady-state electron beam
extracted from the Penning trap. Filled circles are the data measured using a
cylindrical RPA, and the dotted line is an error-function fit to the data. The
solid line, which represents the energy distribution, is the derivative
of this fit.

electron beam is separated from the positron plasma stored in
the adjacent quadrupole trap. A final well depth of 90 V is
reached in ⬃1 s, confining an electron plasma of 3⫻109
electrons with a space charge of 90 V. The trapped electrons
then cool to room temperature by collisions with the surrounding neutral background gas.
After an electron plasma has been accumulated in the
trap, a cold beam is generated by continuously reducing the
depth of the potential well confining the electrons. As the
magnitude of the potential well decreases, the electrons are
forced over the exit-gate electrode, which sets the electron
beam energy 关see Fig. 4共c兲兴. The entrance-gate electrode is
set 1 V below the exit-gate electrode to ensure that the electrons leave via the exit-gate electrode.
The energy distribution of the beam is measured using a
cylindrical retarding potential analyzer 共RPA兲. Electrons that
pass through the RPA are collected on an aluminum plate,
which is biased slightly positively 共⬃2 V兲 to ensure that all
of the positrons are collected. A potential bias much larger
than this was avoided, since it can cause secondary electron
emission from the plate, which leads to an apparent increase
in the beam current. A 3 k⍀ shunt resistor is used in conjunction with a voltage amplifier to measure the beam current, which is recorded on a digital oscilloscope. Care must
be taken while measuring the energy distribution of the electron beam in a magnetic environment. In particular, when the
beam is partially reflected by the analyzer electrode, the reflected particles interact with the incident beam, causing a
space charge to build up. This increased space charge can
push electrons through the RPA, which would appear as an
increase in the energy spread of the beam. To minimize this
effect, the retarding energy analyzer is raised for only a short
time 共⬃10 s兲 and then lowered to release any charge
buildup. Figure 8 shows the energy distribution of a typical
beam 共0.10 eV FWHM兲 used in this experiment. Using the
technique described in this section, it is possible to generate
a magnetized electron beam with an energy resolution as low
as 0.018 eV.35,36 For the experiment described here however,

FIG. 9. Beam current extracted from a room-temperature electron plasma
using 共a兲 a linear voltage ramp to dump the plasma and 共b兲 an optimized
dump voltage waveform. Note the faster current rise (t r ⯝3  s) and stable
current thereafter in 共b兲.

the beam currents achievable with such a small energy
spread are not sufficient to excite a measurable instability in
the positron plasma. We therefore chose to use an electron
beam current 共⬃0.1 A兲, which is large enough to excite a
measurable instability, but still small cnough to measure the
growth rate in the energy regime of interest.
To accurately study the electron-beam positron-plasma
transit-time instability, the rise time of the electron beam
current, t r must satisfy the condition t r Ⰶ1/␥ , where ␥ is a
typical growth rate of the instability (⬃5⫻104 s⫺1 ), and the
beam current must remain constant over the duration of the
interaction. Figure 9 shows the beam current as a function of
time using two different voltage ramps on the dump electrode. A simple linear ramp results in a rather slow current
rise time of over 1 ms 关e.g., see Fig. 9共a兲兴, and so it is not
suitable for studying the instability. A faster rise time is generated by modifying the dump waveform in the following
manner. The total charge dumped from the well at any given
time during the beam extraction depends only on the dump
voltage at that time. Therefore, the time-integrated current
共i.e., the total charge兲 resulting from a linear ramp beam
dump can be used as an inverse lookup table to find the
dump voltage required to achieve an arbitrary current waveform. Figure 9共b兲 shows a typical beam current waveform
used in the experiment.36 It is generated using the dumping
procedure described above to produce a quick current rise
(t r ⯝3  s) and ⯝0.08 A current thereafter.
It is also important that the beam diameter be small compared to the plasma diameter. This is accomplished by forcing the electron beam source diameter to be small compared
to the positron plasma, since the extracted electron beam
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diameter is directly related to the size of the electron source.
To do this a 2.9 mm aperture is located in front of the hotcathode electron gun. Figure 5 compares the radial profiles
of the electron beam and positron plasma. The figure indicates an electron beam diameter R b ⯝2 mm. Thus, there is
little radial expansion during the beam formation process,
and the electron beam’s diameter is smaller than that of the
plasma’s, thereby fulfilling the assumptions of the model presented in Sec. II.
C. Beam–plasma experiment

The beam–plasma transit-time instability is studied in
the following manner. First, a plasma of 1.6⫻107 positrons
is accumulated in the cylindrical trap and transferred into the
quadrupole trap. As the positron plasma cools to room temperature, the hot-cathode electron gun, which is located off
axis for the positron filling phase 关see Fig. 4共a兲兴, is moved
into position, and an electron plasma is accumulated in the
cylindrical well. Figure 4共c兲 shows schematically the potential profiles generated by the cylindrical and quadrupole traps
that are used to confine the electron and positron plasmas,
respectively, along with the space charge of both plasmas
共indicated by shading兲. After the electron and positron plasmas have cooled to room temperature, an electron beam is
generated and magnetically guided through the positron
plasma. As the electron beam traverses the positron plasma,
the transit-time instability causes the center of mass oscillations to grow in amplitude. The oscillations are detected using a pickup electrode, shown in Fig. 4共b兲, which measures
the oscillating image charge generated by the positron
plasma.
After each cycle, the beam energy is adjusted by varying
the potential on the exit-gate electrode of the cylindrical trap.
The energy of the electron beam relative to the positron
plasma is denoted in Fig. 4共c兲 by E 0 . The relative beam
energy is the sum of eV s and eV t , where V s is the space
charge of the positron plasma, and V t 关which is negative in
Fig. 4共c兲兴 is the potential difference between the dump electrode of the quadrupole trap and the exit-gate electrode of the
cylindrical trap. For example, if the dump and exit-gate electrodes of the quadrupole and cylindrical traps were both at
the same potential, the electron beam energy through the
positron plasma would be eV s .
As we discuss in the next section, in an earlier study of
the transit-time instability17 the measured growth rates were
an order of magnitude larger than they are for the current
experiment. Consequently, when the electron beam passed
through the plasma, any noise in the plasma could act as a
‘‘seed’’ for the growth of the instability. In the current experiment, the lowest growth rates are not large enough to
ensure that the center of mass mode can grow above the
detection amplifier noise before the reservoir of electrons is
depleted. In these cases, we found it essential to actively
‘‘seed’’ the center-of-mass mode to some small amplitude
before the electron beam is turned on. This is accomplished
by applying a sinusoidal signal, at the same frequency as the
center of mass mode 共⬃4.2 MHz兲, to the entrance gate of the
quadrupole trap. Because of the high-Q properties of the

FIG. 10. A typical rms amplitude from the pickup electrode signal, showing
the growth of the transit-time instability excited by an electron beam traversing a positron plasma stored in a quadrupole Penning trap. The inset
shows the pickup electrode signal on an expanded time scale at 60 s,
illustrating the individual center-of-mass oscillations at a frequency of
4.2 MHz.

quadrupole trap, the timing of the seeding is not critical, and
can be done as much as a few milliseconds before the electron beam is turned on. To ensure that the seeding processes
does not affect the measured growth rate, a systematic check
was performed by measuring the instability growth rate with
and without actively seeding the plasma in an energy regime
where the seeding was not necessary.

IV. RESULTS

Figure 10 shows a typical rms signal from the pickup
electrode as the electron beam passes through the positron
plasma. The inset shows a 2.6 s long time record of the
pickup electrode signal, illustrating the individual oscillations at 4.2 MHz. As discussed in Sec. II, the plasma centerof-mass mode has an oscillation frequency corresponding to
that of a single positron oscillating in the potential well and
is predicted to be  z /2 ⫽4.1 MHz. The difference between
the calculated and measured frequencies is likely due to
small departures from the ideal quadrupole geometry.
The electron beam is turned on at t⫽0 exciting the instability in the plasma. Some time later the amplitude of the
center of mass oscillations begins to grow out of the noise in
the center of mass mode. After the initial exponential growth,
the growth rate of the center-of-mass mode decreases, causing the amplitude of oscillation to overshoot its final value
and then eventually stabilize 共not shown in Fig. 10兲. In the
earlier study of the transit-time instability,17 the initial
growth phase was also followed by a decay phase. Using a
␥-ray detector, it was determined that the decay in this case
was due to the ejection of positrons from the quadrupole trap
when the plasma oscillations became so large that they were
no longer confined by the potential well. We note that the
potential well confining the positrons was ⬃6 eV deep, and
the electron beam energy used was only 1–2 eV, so that
some of the positrons must have been accelerated to energies
much larger than that of the relative beam energy. A particlein-cell simulation confirmed this, showing that the center-of-
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FIG. 11. Growth rates for the beam–plasma interaction in the quadrupole
trap. The solid and open circles are the data using a 0.03 and 0.08 A
electron beam, respectively. The dashed and solid lines are the results of the
cold-fluid theory of Sec. II with a 3.2 cm plasma diameter and a plasma
aspect ratio of ␣⫽1.1 and ␣⫽1.4, respectively.

mass mode, could cause the ejection of positrons from the
trap.17
In the present experiment, we decided to study the system in a lower growth regime, where wave saturation occurs
before the particles were ejected from the trap. To accomplish this, beam currents were used that are an order of magnitude smaller than in the earlier experiment. This resulted in
small-amplitude plasma oscillations. We verified using a
␥-ray detector that these oscillations do not eject positrons
from the potential well, and therefore the overshoot and saturation of the center-of-mass mode must be caused by an effect other than positron ejection. The most likely possibility
is that nonlinear plasma effects are responsible for the observed saturation. We have not yet carried out a detailed
study of the saturation, but believe that it is likely to be an
interesting area of further research.
Figure 11 shows the measured instability growth rate as
a function of beam energy for two beam currents. The predictions of the cold-fluid theory 共i.e., Sec. II兲, are also shown
for a fixed plasma diameter of 3.2 cm and a plasma length of
3.4 and 4.5 cm, i.e., ␣⫽1.1 and 1.4, respectively. For a direct
comparison of the results of the theory shown in Figs. 2 and
3 with the data shown in Fig. 11, we note that the range of
energies studied here 共i.e., 0.2–2.0 eV兲 corresponds to the
range of scaled transit times, T, of 1.75–0.5 for ␣⫽1.1, and
2.23–0.75 for ␣⫽1.4. There is qualitative agreement between the theoretical and experimental results for ␣⫽1.1,
which is the aspect ratio determined by the Poisson–
Boltzmann simulation and similar to the aspect ratio determined by the theory 共see Sec. III A兲. A much better fit is
obtained by adjusting the plasma length. The solid line in
Fig. 11 shows the best fit, which occurs for a plasma length
of 4.5 cm. Note that adjustment of only this one parameter
results in good quantitative agreement between experiment
and theory for both the shape and the amplitude of the
growth rate at both values of electron beam current studied.
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We do not have a complete understanding of the remaining discrepancies between theory and experiment. Adjusting
the plasma length might be justified for two reasons. First,
because the plasma length affects the beam transit time, the
instability is quite sensitive to this parameter. Second, there
are a number of systematic errors that make the determination of the plasma length difficult. The Poisson–Boltzmann
code requires a number of input parameters to calculate the
plasma density, and therefore the plasma length. These include the total positron number, positron radial profile,
plasma temperature, and accurate modeling of the electrode
structure. A systematic error in any of these parameters can
alter the calculated length. For example, if the number of
trapped positrons was larger than that measured, the plasma
space charge potential would increase, thereby increasing the
plasma length. However, this cannot entirely explain the results because an increase in the positron number would decrease the magnitude of the predicted growth rate, and the
agreement between the theory and experiment in this respect
is quite good.
Another difficulty in determining the plasma length is
illustrated in Fig. 6共b兲. In the theory a flat-topped density
profile is assumed 共i.e., a cold plasma兲. However, this clearly
does not correspond to the density profile of the experimental
plasma, which is at room temperature. Thus, there is no intrinsic reason to believe that the choice of plasma length
equal to the FWHM of the experimental plasma is strictly
correct. Here again, this cannot entirely explain the results,
because the best fit corresponds to a plasma length of 4.5 cm,
which appears to be too large to fit the experimental results
for the growth rate.
It is also interesting to note that by adjusting the absolute
value of the beam energy, the agreement between the experimental and theoretical predictions for the ␣⫽1.1 case is
greatly improved. For example, by decreasing the assumed
beam energy by 0.1 eV, a much better fit is obtained. Determining the absolute value of the beam energy relies on an
accurate knowledge of the positron space charge potential
and the potential difference between the exit-gate electrode
and quadrupole well potential 共see Fig. 4兲. Uncertainties in
the space charge potential could cause discrepancies on the
order of 0.1 eV. This implies that the discrepancy between
the theory and experiment could be due to an energy offset
and not to an error in the measured plasma length. We find,
however, that the agreement obtained by adjusting the
plasma length is still better than that obtained by adjusting
the absolute energy.
To summarize, the absolute agreement between the experimental and theoretical results is reasonable, even with no
fitted parameters. When the length parameter is adjusted, the
agreement over the entire range of beam energies studied is
quite good. The agreement with the cold-fluid theory implies
that the system acts like a transit time oscillator, exciting a
high-Q oscillation of the center-of-mass motion of the
plasma. The theory also predicts that the instability growth
rates scale linearly with beam currents, which is confirmed
by the datasets taken with beam currents of 0.03 and 0.08
A. Our previous experiments were limited by large beam
energy spreads to studying the instability at beam energies
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above the maximum in the growth rate. The new cold electron beam has allowed us to study the instability over the
entire range of interest, from onset through the maximum
growth rate and beyond.
V. POTENTIAL AREAS FOR FUTURE WORK

There are a number of experiments that can now be performed to increase our understanding of the electron-beam
positron-plasma system. For example, by stabilizing the
center-of-mass mode with an active feedback system,37 it
should be possible to measure the growth rate of higherorder modes. There may also be interesting effects at energies below the instability onset. In this energy range, coldfluid theory predicts that there is a band of energies at which
the growth rate is negative, and this should therefore have a
damping effect on the center-of-mass oscillations. By exciting the center-of-mass mode to large amplitudes before the
electron beam traverses the plasma, we could, in principal,
study these negative growth rates.
Although this paper did not focus on the two-stream instability generated in the cylindrical trap,17 reexamining this
phenomenon using the cold electron beam will likely yield
interesting new insights. It is clear from the earlier experiments that the onset of the instability occurs at an energy
below that which was investigated in those experiments. It
should be possible to use the new cold beam to measure the
heating rate for a range of positron energies from the onset of
the instability through the maximum in the heating rate. Another interesting aspect of the two-stream instability is the
method by which the plasma is heated. The heating is assumed to arise from the growth of unstable plasma modes
that then transfer energy to the plasma particles. Direct measurements of these unstable modes should prove insightful.
To measure them, a pickup electrode must be located near
the plasma in order to detect the image charge generated by
the 共presumably short wavelength兲 plasma oscillations. We
believe that these experiments can offer further insight into
the underlying physics of the beam–plasma instability.
Unfortunately, the prospects for studying relativistic
electron–positron plasmas, which is of keen interest to the
astrophysics community, continue to be poor, at least in the
intermediate term. Obtaining Debye lengths that are smaller
than the plasma size, which is essential for the charge cloud
to behave as a plasma, would require about five orders of
magnitude more positrons than can now be accumulated.
However, progress in the accumulation of positron plasmas
continues. For example, the number of positrons now available is three orders of magnitude more than the first positron
plasma created in 1989, and a further two orders of magnitude increase can be expected within the next few years.38
VI. SUMMARY

We have investigated a beam–plasma system in a new
and interesting range of beam energies, studying a transittime instability in a positron plasma stored in a quadrupole
Penning trap. Using a new technique that we developed to
generate cold electron beams, we have been able to measure
the growth rate of the center-of-mass mode from the onset of
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the instability through the maximum in the growth rate. We
also developed a detailed theoretical model of the transittime instability. An absolute comparison of the data with the
results of the cold-fluid theory shows reasonable agreement
over the entire range of energies and beam currents studied.
The experiments presented here represent further studies
of the electron–positron beam–plasma system. To our
knowledge, these experiments are the only ones currently
being conducted on this type of plasma, or on any type of
equal-mass plasma. Although the techniques described here
are not suitable for studying the properties of equal-mass
plasmas where the species have no net currents relative to
each other, this is likely to be the only experimentally accessible system available for study in the near term. Experiments of this type are likely to be of value in extending our
understanding of the behavior of equal-mass plasmas. The
combination of the ability to efficiently accumulate and store
large numbers of positrons with the technique described here
to produce cold electron beams should provide opportunities
to investigate other interesting phenomena in electron–
positron plasmas.
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