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Abstract. Shifts of the cyclotron frequency away from the “bare” cyclotron frequency
are observed to be proportional to the total ion density through the E×B rotation
frequency, and to the relative concentration of each ion species, in quantitative
agreement with analytic theory. These shifts are measured at small excitation amplim=2
tudes on the typical center-of-mass m=1 mode, and also on cyclotron modes with m=
0 and m=2 azimuthal dependence. The frequency spacing between these modes is
proportional to the rotation frequency of the ion cloud, which is controlled and
measured using a “rotating wall” and laser-induced fluorescence. These cylindrical
ion plasmas consist of Mg+ isotopes, with H3O+ and O2+ impurities. It is observed that the shift in the m=1
cyclotron frequency is larger for the minority species 25Mg+ and 26Mg+, than for the majority species 24Mg+. A
simple center-of-mass model is presented, which is in quantitative agreement with these results. It is also shown
that this model interprets and expands the intensity dependent calibration equation, (M/q)=A/f+B/f 2 +CI/f 2.
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Introduction

E

lectric fields and collective effects often limit the accuracy
of Fourier transform ion cyclotron resonance mass spectrometry (FTICR-MS), by shifting the observed frequencies
away from the “bare” cyclotron frequencies 2πFc(s) =qsBz/Ms
for each species s. The electric fields result from applied trap
potentials, from ion space charge, and from image charges on
the trap wall. These shifts must be understood in order to
accurately convert the measured frequencies to a mass-tocharge ratio (M/q)s. This conversion is typically done using
one of the several calibration equations[1], which account for
the space charge electric field and its influence on the cyclotron
frequency.
In this paper, the shift of the cyclotron frequencies attributable to these electric fields and collective effects are experimentally investigated for several cyclotron modes varying as
cos (mθ−2πfm(s)t). We describe the frequency shift of the
typical m=1 center-of-mass mode, with additional information
on these frequency shifts from the rarely observed radial
“breathing” m=0 mode[2–4] and “elliptical” m=2 mode [5,
6]. These experiments are conducted in the limit of small
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excitation amplitude, where the radius of excitation Δs is small
compared with the plasma radius Rp. In this limit, the cyclotron
modes can be modeled as surface waves.
Experimental results are in close agreement with an axisymmetric kz =0 surface wave model[6–9], which predicts mdependent shifts in the cyclotron resonances for species s. For
radially uniform plasmas, the theory predicts
f ðmsÞ  F ðcsÞ ¼ ½ðm  2Þ þ δs ð1  ℛm Þf SC
E :

ð1Þ

That is, the shifts are proportional to the plasma E×B rotation
frequency fESC ≡en0/4πϵ0B arising from the ion space charge
electric field, with a correction proportional to the relative
charge fraction δs of that species. Here, ℛm is a correction
attributable to wall image charges. For m≥1, the wall image
charge correction is ℛm ≡(Rp/Rw)2m, but ℛm ≡0 for m=0.
This model neglects frequency shifts from trap potentials,
which are negligible in these experiments.
In FTICR-MS, though, frequency shifts from trap potentials
may be significant, and the m=1 cyclotron mode is generally
viewed as a clump of charge orbiting around the trap center
rather than as a surface wave. However, in the limit of Δs GRp,
the center-of-mass motion of this clump and, thus, the frequency shifts are equivalent to the m=1 surface wave. These surface
wave results can, therefore, be interpreted by a center-of-mass
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clump model. Frequency shifts from trap potentials will be
incorporated into this model, which will be used to obtain a
calibration equation:


M
q



A

¼

ðsÞ
f1

s

þ
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ðsÞ 2
f1

C ⋅ δs
þ  2 :
ðsÞ
f1

ð2Þ

This calibration equation is similar to the “intensity-dependent”
calibration equation[10, 11], with δs replaced by the received
wall signal intensity Is, which has been found [11, 12] to
improve mass accuracies. Parameter A calibrates the trap magnetic field strength, and parameter B corrects for frequency
shifts caused by the entire ion cloud and trap potentials.
Parameter C arises from collective effects and wall image
charges. Put simply, this parameter is a result of the fact that
a clump of charge cannot “push on itself,” complicated somewhat by the fact that the wall image charge can and does “pull”
on the clump.

Experimental
Methods
A cylindrical Penning-Malmberg trap is used to confine these
multi-species plasmas, with wall radius Rw =2.86 cm, trapping
potential V=180 V, and magnetic field of B=2.965±0.002
Tesla. A sketch of this trap is shown in Figure 1 (left). The
plasmas consists of 24Mg+, 25Mg+, and 26Mg+; with H3O+ and
O2+ impurity ions arising from background gas at a pressure
P≤10−9 Torr. A typical isotopic composition is δ24 =0.54, δ25 =
0.09, δ26 =0.10, with the remaining 27% a mixture of H3O+ and
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O2+. As with FTICR-MS experiments, no free electrons are
contained in the trap.
A “rotating wall” technique [13] utilizes azimuthally rotating wall voltages to maintain the plasma in a near-rigid-rotor
equilibrium state throughout the course of the cyclotron measurements. The external torque applied by the rotating wall
fields can also compress the plasma, enabling controlled plasma radius 0.3GRp G0.6 cm, with density 1.8×107 Gn0 G6.2×
107 cm−3, and measured E×B rotation frequency 9.0GfE G
30.0 kHz. The length Lp ∼10 cm and total charge Nq ∼2×108e
remain constant.
Detailed measurements of these Mg+ plasmas are obtained
from laser-induced fluorescence techniques[14]. That is, a UV
laser beam (λ~280 nm), perpendicular to the magnetic field, is
frequency-scanned over the Doppler-broadened atomic transition (3s2S1/2,mj =−1/2→3p2P3/2,mj =−3/2) of each Mg+ isotope. The resulting induced fluorescence photons are counted
using a photomultiplier tube, and we construct the Mg+ velocity distribution at several radial locations. Figure 2 depicts data
and fits to typical Mg+ distributions at three radial locations in
the plasma. At larger radii, the velocity distributions are positively and negatively detuned from the vθ =0 resonance because of a Doppler shift from the plasma rotation, either towards or away from the probe laser beam. This detuning is a
direct measurement of the E×B rotation profile vθ(r). Radial
profiles of the plasma temperature T(r) and density of each
Mg+ isotope can also be obtained by fitting the velocity distribution at each radial location with Maxwellian distributions for
each Mg+ isotope. The relative density of the Mg+ isotopes is
determined from the relative area under each resulting
Maxwellian fit.
Figure 3 shows the resulting measured density and rotation
profiles (symbols) at three different rotation rates. These
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Figure 1. (Left) Schematic of a cylindrical Penning-Malmberg trap with “rotating wall” and laser diagnostics. (Right) Sketches of the
m=1, m=0, and m=2 surface waves (a)–(c); and the large amplitude clump model (d) from an end view of the trap. The cyclotron mode
frequencies are shifted proportional to the E×B drift-rotation frequency fE, arising from trap potentials, image charges on the trap
wall, and non-resonant species
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Figure 2. Data and fits of the LIF measured Mg+ velocity
distribution at three radial locations r≡|x| in the plasma. At each
location, the larger peak is the distribution of 24Mg+, and the
smaller hump is the combined distributions of 25Mg+ and 26Mg+

profiles are a convolution of the true “top-hat” plasma profile
with the finite size (half-width 0.39 mm) probe laser beam.
Obtaining the true plasma radius Rp and rotation frequency fE is
done by fitting to a convolved top-hat model with n(r)=n0 and
vθ(r)=2πrfE for r≤Rp, giving dashed curves in Figure 3 profiles. The solid lines in Figure 3 are the resulting true “top-hat”
Mg+ density and rigid-rotor rotation profiles of the plasma. This
rigid-rotor rotation frequency fE is a direct measurement of the
total electric field strength from ion space charge and trap
potentials.

Laser cooling of the 24Mg+ ions enables temperature control; here, we maintain T∼10−2 eV=120 K. In this regime, the
ion clouds are radially uniform in density, with an abrupt edge,
and the ion–ion collisionality νii ∼103 /s is moderate. At lower
temperatures, the collisionality increases, and centrifugal separation of species occurs[15–17].
The cyclotron resonance frequencies are obtained by thermal cyclotron spectroscopy (TCS). A series of rf bursts,
scanned over frequency, are applied to azimuthally sectored
portions of the cylindrical wall, connected to create cos (mθ)
fields, with m=1 or 2. For m=0, excitation is from the z-end.
The plasma is heated slightly when the rf burst is resonant with
a particular mode at fm(s), and this is observed as a change in the
laser cooling fluorescence. A cartoon of the TCS process is
shown in the inset of Figure 4. Each species is excited individually with a burst of 10,000 cycles at wall amplitude (0.1−3.0)
V, depending on the species and mode of interest. These
excitations typically heat the plasma by approximately 10−2
eV, corresponding to an amplitude of excitation Δs ∼40 μm.
The cyclotron excitation heats the perpendicular degree of
freedom of species s, and this heat is transferred to other species
and to the parallel degree of freedom through collisions ν⊥∥ ∼
700 /s, where it is removed/detected from 24Mg+ by the parallel
cooling beam. TCS enables mode detection at small excitation
amplitudes, ΔsGGRw, which are below the noise floor for
detection using induced charge on the conducting wall.
A typical broad m=1 TCS scan is shown in Figure 4. This
TCS scan enables identification of the ion species, and the
height of the peaks in Figure 4 (change in the cooling fluorescence F) depends on the relative species concentrations and on
∂F/∂T. For short bursts, typically less than 200 cycles, we find
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Figure 3. Radial profiles of Mg+ density (top) and rotation
velocities (bottom) at three different rotation rates. Symbols
are laser-width-averaged data, and dashed curves are fits to
the “top-hat” rigid-rotor model (solid lines). The three circled/
boxed data points correspond to the LIF signals of Figure 2
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Figure 4. Mass spectra of a typical plasma containing 24Mg+,
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Mg+, and 26Mg+, with H3O+ and O2+ impurity ions. The inset is
a cartoon depicting the TCS process in which a cold Mg+
distribution is heated by the cyclotron motion, and this heat is
detected as a change in the cooling laser fluorescence
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that the resultant plasma heating is proportional to the species
concentrations δs as ΔT∝δs AB2 τB2/Ms, where AB is the burst
amplitude and τB is the burst period. The relative Mg+ ratio δ26/
δ24 has been measured using this short burst heating technique
and is found to be within 10% of that obtained from LIF
diagnostics. However, throughout this work, we have used
bursts of 10,000 cycles for better frequency resolution. In this
regime, the plasma heating “saturates,” most likely because of
ion–ion collisions that dephase the cyclotron mode from the
drive.

Results
Frequency shifts are measured for the m =0, 1, and 2 cyclotron
modes, having density perturbations varying as δn∝cos (mθ−
2πfm(s)t). The m=1 mode can be thought of as a surface wave,
or as the small amplitude equivalent of the center-of-mass
mode used in FTICR-MS experiments. This mode, driven
using a dipole burst, corresponds to a displacement of the
excited species off axis, with the center-of-mass of that single
species orbiting the center of the trap at a frequency near f1(s), as
depicted in Figure 1a. In contrast, the m=0 mode is a radial
“breathing” of the plasma cross-section as shown in Figure 1b.
It generates no external electric field except at the plasma ends.
To excite this mode, the end of the plasma is wiggled at f0(s).
The m=2 mode is an elliptical deformation of the cross section
of that species, giving a wall signal at f2(s), as in Figure 1c. This
mode is excited using a quadrupole burst, i.e., 90∘ wall sectors
phased as +/−/+/−.
Figure 5 (left) shows the m =0, 1, and 2 cyclotron mode
frequencies for 24Mg+. It can be seen that the m=0 and m=1
modes are downshifted from the “bare” cyclotron frequency
Fc(24) =1899.46 kHz, whereas the m=2 mode is upshifted. The
difference in frequency between these modes closely equals the
measured E×B rotation frequency fE =9.3 kHz.
The rotating wall allows us to compress the plasma,
obtaining cyclotron mode frequencies at different fE for the
same trapped ions. In Figure 5 (right) the resonant frequency of
the m=1 cyclotron mode is shown for three values of fE. The
downshift of the m=1 cyclotron frequency increases as the ion
density is increased, because of the increased fE.
Plotted in Figure 6 are m =0, 1, and 2 cyclotron
frequencies versus fE for 24Mg+, 25Mg+, and 26Mg+.
The shift of the cyclotron frequency increases linearly
as space charge is increased, as seen in previous experiments[18–21]. However, this increase with fE is also
proportional to the relative charge concentration δs of
the species. The proportionality constants are different
for the majority species 24Mg+ than for the minority
species 25Mg+ and 26Mg+, because of plasma collective
effects. These experimental results clearly show that the
frequency shifts are dependent on the total charge density, giving rise to fE, and on the relative charge concentration of the species δs, but further specificity requires
theory.
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Theory
Surface Wave
In the limit of small excitation amplitude Δs GRp, these cyclotron modes are best treated as plasma surface waves. The
“guiding center” of each ion E×B drifts around the trap center
at constant radius rGRp, with cyclotron excitation causing
superimposed cyclotron orbits of radius rc ∼Δs GRp. For the
m=1 mode, the cyclotron orbits are all in phase, causing the
species center-of-mass to orbit the trap center at r∼Δs with
frequency f1(s) (Figure 1a). In contrast, the ion orbits for the m=
0 and m=2 modes are phased such that radially “breathing” and
elliptical density perturbations are formed (Figure 1b and c).
The cyclotron mode frequency is obtained by solving the
Vlasov-Poisson equation for an m perturbation in a frame
rotating with the plasma at fESC [6–8]. The resulting lab-frame
frequency is given by Equation 1, if trap electric fields are
negligible. The δs(1−ℛm)fESC term represents collective interactions in the plasma frame rotating at fESC; the −2fESC term is
the Coriolis force in the plasma frame; and the mfESC term is the
Doppler shift back to the lab frame.
We note that the radial electric field of the trap potentials
will result in an increased E×B rotation frequency fE causing
additional frequency shifts as
T
f ðmsÞ  F ðcsÞ ¼ ½ðm  2Þ þ δs ð1  ℛm Þf SC
E  ðm  2Þf E ;

ð3Þ

although this result has not been rigorously derived. Here, fET is
the E×B rotation frequency resulting from the trap potentials. In
these experiments, image charge and trap potentials cause frequency shifts of about 100 and 50 Hz, respectively. The surface
wave theory includes image charge corrections through ℛm, but
does not include the finite length effects[22] resulting from the
trap potentials. Ignoring this shift, we find that this surface wave
theory predicts that the cyclotron modes depend on fE, and on the
relative fraction of the species δs, as seen in the experiments. It
also predicts the observed fE spacing between the cyclotron
modes when ℛm GG1.
Fitting Equation 1 to the measured frequency shifts in
Figure 6, we find that the observed mode frequency spacing
is consistent to within the 2% accuracy of the LIF measurement
of fE, and that these cyclotron modes converge to the “bare”
cyclotron frequency Fc(s) in the limit fE →0. Also, the slope of
the frequency shifts in Figure 6 provide a measurement of the
charge fraction δs for each species. These agree to within 20%
with the species density ratios δ25/δ24 and δ26/δ24 obtained
directly from LIF measurements, which is less well calibrated
in absolute densities. The corresponding mass ratios from Fc(s)
are accurate to within 200 ppm.
Absent laser diagnostics, four frequencies from two m-theta
modes in two plasma states could be used to determine the
plasma characteristics fE and δs, and thereby determine Fc(s). In
Figure 6, the measured cyclotron frequency differences of the
two circled (vertical) data pairs give fE =(9.33,16.97) kHz
versus the measured (9.29,17.13) kHz; Equation 1 then gives
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Figure 5. (Left) Observed 24Mg+ cyclotron resonances for m =0, 1, and 2 modes. Modes are shifted away from the “bare” cyclotron
frequency Fc(24) =1899.22 kHz, and have a frequency spacing of the E×B rotation frequency fE =9.3 kHz. (Right) Measured m=1
cyclotron resonance for 24Mg+ at three different rotation rates. As fE is increased, through an increase in the plasma density, the m=1
cyclotron mode frequency shift increases

δ26 =9.06% and Fc(s) =1753.82 kHz, in close agreement with
the full data results in Figure 6. Of course, similar information
from multiple species would improve this plasma characterization.

Clump Model
In FTICR-MS, the m=1 cyclotron mode is generally modeled
as a clump of charge orbiting around the trap center at radius
Δs, as shown in Figure 1d. This center-of-mass motion is
equivalent to the m=1 surface wave in the limit Δs GRp. This
clump model will be used in this section in order to better
understand the physics of the cyclotron frequency shift, and to
produce the calibration equation, Equation 2.
In this clump model, the equilibrium ion cloud is treated as a
long centered cylinder with radius Rp, consisting of multiple
species each with uniform density ns, and a total density
n0 =∑ns. The center-of-mass of one species is then displaced
uniformly by Δs, and it orbits the trap center with velocity vs,
giving mode frequency f1(s) =vs/2πΔs. The radial forces acting
on the center-of-mass of the displaced clump are the centrifugal, vs ×B, and electrostatic forces, summing to zero as
M s v2s
e r ¼ 0:
−qs vs Bz þ qs E
Δs

ð4Þ

Here, Ẽr represents the electric field of the non-resonant species, trap potentials, and image charge of the resonant species,
rather than the total electric field Er measured through fE.
Equation 4 reduces to f1(s) =Fc(s) when there is no electrostatic
force Ẽr =0. When a radial electric field is present, the cyclotron
mode frequency is shifted away from the “bare” cyclotron
frequency, and Equation 4 reduces to the m=1 result of
Equation 3 for small Ẽr.

The electric field arising directly from species s charge does
not affect the center-of-mass motion of species s. In a “point
clump” model this is obvious; for a finite-size clump the
relevant spatial integrals give the same result. However, the
wall image charge for species s does affect the orbital dynamics
of species s clump. Even with only one species, the wall image
charge affects orbital dynamics, commonly exemplified in the
low-frequency E×B drifting “diocotron” mode[5].
Solving for (M/q)s in Equation 4 produces a calibration
equation,
 
er
E
M
Bz
1
¼

:
ð5Þ


2 Δ
q s 2π f ðsÞ
ðsÞ
s
1
2π f 1
The accuracy of Equation 5 depends on correctly modeling
e =Δ at the radial position Δ of the clump. Note that E /r
E
r

s

s

r

represents the E×B drift rotation frequency, as fE(r)=(Er/r)/
2πB. In our experiments fE(r) is uniform with r.
When the equilibrium charge densities are uniform and the
excitation amplitude is small (i.e., Δs GRp), the electric field
ratio Ẽr/Δs is basically independent of radius. Then, the “calibration” of Equation 5 is independent of radius. The ion cloud
is also assumed to be long compared with its radius Lp 99Rp, so
that the ion cloud and image charge electric fields can be
approximated as those of an infinite cylinder. The partial electric field Ẽr produced from the non-excited ion cloud species,
from image charges of the excited species, and from trap
potentials is then

er
E
en0
en0
¼ ð1  δs Þ
þ δs ℛ1 þ 2V T GT ;
Δs
2ϵ0
2ϵ0

ð6Þ
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Figure 6. Cyclotron mode frequencies versus fE for 24Mg+,
25
Mg+, and 26Mg+. Symbols are experimental data and curves
are fits to Equation 1, which determine Fc(s) (dotted) and δs for
each species

where en0 =Q0/πRp2Lp is the total charge density, and GT is a
geometrical factor for the trap shape[23].
Here, we see that the dependence on δs comes from
the reduction of the effective electric field, since the
excited species cannot apply a force on itself; and from
the image charge in the confining wall, which does apply
a force on the charge clump. The image charges of the
non-excited species are θ-symmetric, and the image
charges of the other excited species are assumed to be
non-resonant and, therefore, time-average to zero. By
taking δs →0, (i.e., treating a single particle excitation
and ignoring image charge) this Ẽr electric field reduces
to that of Jeffries et al.[23].

The simplest calibration equation, Equation 2 with C=0, overestimates the downshift in the cyclotron frequency by assuming
that the excited species can exert a force on itself. With proper
forces, the cyclotron frequency shifts of a multi-species ion
cloud are dependent on the relative concentrations of the species. This has been demonstrated experimentally here by showing that the shift of the m=1 cyclotron frequency is larger for
the minority species, and, theoretically, by presenting a surface
wave model that is in quantitative agreement with our experiments. These surface wave results have been interpreted
through a clump model, which correctly predicts the “intensity-dependent” calibration equation that has been shown to
improve mass accuracies in FTICR-MS experiments.
Cyclotron modes with different cos (mθ) dependence have
also been presented. The frequency spacing between these cyclotron modes with different m can provide a measurement of the
electric field strength. By exciting these modes in FTICR-MS
experiments, limits can be placed on the size of the cyclotron
frequency shifts. The effects of space charge can also be reduced
by varying the electric field strength and extrapolating the m =0,
1, and 2 mode frequencies to the “bare” cyclotron frequency.
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